Abstract A simple, easy-to-use and physically meaningful predictive model is suggested for the assessment of thermal stresses in a ball-grid-array or a column-grid-array with a low modulus solder material at the peripheral portions of the assembly. It is shown that the application of such a design can lead to a considerable relief in the interfacial stresses, even to an extent that inelastic strains in the solder joints could be avoided. If this happens, the fatigue strength of the bond and of the assembly as a whole will be improved dramatically: low-cycle fatigue conditions will be replaced by the elastic fatigue condition, and Palmgren-Minor rule of linear accumulation of damages could be used instead of one of the numerous CoffinManson models to assess the lifetime of the material.
Introduction
Bonded assemblies (joints) subjected to thermal and/or mechanical loading are widely used in engineering, including the fields of electronics, optoelectronics and photonics. The most reliable adhesively bonded or soldered assemblies are characterized by stiff adherends and a compliant bonding layer. This circumstance is well known from the engineering practice [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] and has been confirmed by modeling, both analytical and computer-aided, and experimentation .
Low modulus and relatively thick (up to 4 mils or even thicker) bonding layers where employed to provide an effective strain buffer between the bonded components [51] [52] [53] [54] . But still, because of the stress concentration at the assembly ends, the induced stresses and especially the interfacial shearing and peeling stresses, are often much higher than acceptable for many applications. This is particularly true for ball-grid and pad-grid array structures, in which the ''bonding'' layer is only moderately compliant. Solder materials are prone to inelastic deformations. This shortens considerably their fatigue life-time. There exists therefore a crucial need for a reduction in the interfacial shearing stresses in bonded assemblies and particularly in solder joint interconnections.
Some assemblies with an inhomogeneous bonding layer, when only the assembly ends were bonded, were considered [55] [56] [57] [58] [59] [60] , with an emphasis on the interaction of the ''local'' and ''global'' thermal expansion (contraction) mismatch stresses. The ''global'' stresses in the bond are due to the mismatch of the bonded materials outside the bonded area, while the ''local'' mismatch results in stresses within this area. It has been found that this interaction is such that the ''global'' and the ''local'' interfacial stresses should be summed up for the end cross-sections of the assembly, but compensate each other, to a greater or lesser extent, at the inner edges of the bonding joint. It has been found also that if the end bonds are sufficiently long and/or stiff, the states of stress and strain in the mid-portion of the assembly will not be different of those in a ''conventional'' assembly, where the bonding material occupies the entire area between the assembly components. This finding is particularly important for assemblies with underfills: the solder joints in the mid-portion of the assembly will still experience low stresses. These stresses might be even lower than in an assembly with an underfill material placed under the entire area between the adherends, because the solder joints will not be subjected to stresses due to the mismatch between the underfill and the solder materials.
Various assemblies with inhomogeneous bonding layers were addressed in application to the predicted size of an inelastic zone in ball-grid-array (BGA) assemblies [61] , to the problem of stress minimization in thermo-electric module designs [62] , and for the explanation of a paradoxical situation, when stiffer mid-portions of compliant bonds could result in appreciably lower stresses at the assembly ends [63] . Identical bonded components and ''piecewisecontinuous'' bonding layer were considered in application to a new generation of low cost memory storages, in which the bonding layer played the role of the memory storing medium [64] [65] [66] . The emphasis was on the conditions that could lead to plane boundaries between the ''pieces'' of the bonding layer, rather than to low level stresses.
In this analysis a simple, easy-to-use and physically meaningful predictive analytical model is suggested for the evaluation of the interfacial shearing stresses in an electronic packaging assembly with a BGA or a column-gridarray (CGA) bonding system with a low modulus bonding material at the ends. The analysis is, in effect, a modification and an extension, for the case of the BGA/CGA interconnects, of the models suggested earlier [57] [58] [59] for adhesively bonded assemblies. The analysis is limited, to the interfacial shearing stresses, i.e., does not address the peeling stresses. This is considered as a future work, as well as finite-element analysis predictions.
Analysis

Mid-portion of the assembly
Consider first a bonded assembly comprised of dissimilar materials, experiencing the change in temperature and subjected to thus far unknown external forcesT applied to the assembly components in a symmetric fashion (Fig. 1) .
The interfacial longitudinal displacements of the assembly components can be sought, in an approximate analysis, using the concept of the interfacial compliances [15, 16] , as follows:
Here a 1 and a 2 are the coefficients of thermal expansion (CTE) of the component materials, Dt is the change in temperature,
are the axial compliances of the components, h 1 and h 2 are their thicknesses, E 1 and E 2 are Young's moduli of the materials, m 1 and m 2 are Poisson's ratios,
are the distributed forces acting in the x cross-section, s(x) is the interfacial shearing stress,T is the force applied from the peripheral portions of the assembly, l is half the assembly length, j 1 and j 2 are the interfacial compliances of the assembly components, and w 1 (x) and w 2 (x) are the component deflections. The origin of the coordinate x is in the mid-cross-section of the assembly. The first terms in (1) are stress-free thermal contractions. The second terms determine the displacements due to the induced thermal forces and are evaluated in accordance with the Hooke's law. The third terms are corrections that account for the fact that the interfacial displacements are somewhat larger than the displacements of the inner points of the given cross-section. It is assumed that these corrections can be evaluated as the product of the interfacial compliances [16] l l 
of the bonded components and the interfacial shearing stress acting in this cross-section. In these formulas
are the shear moduli of the materials. The forth terms in (1) are due to bending. Since the case of cooling is considered here, and the CTE of the component #1 is lower than that of the component #2, the interfacial surface of the component #1 is configured in the concave fashion and the surface of the component #2 is configured in the convex fashion. This circumstance is reflected by the signs in front of the corresponding terms.
The condition of the compatibility of the displacements (1) can be written as
where j 0 is the longitudinal interfacial compliance of the bonding layer. The second term in the right part of this condition is due to the interfacial compliance of the bond. This compliance can be evaluated as
where
is the shear modulus of the bonding material. Introducing the formulas (1) into the condition (6) we obtain:
Here j = j 0 ? j 1 ? j 2 is the total interfacial compliance of the assembly, and Da = a 2 -a 1 is the thermal expansion (contraction) mismatch of the components' materials.
By differentiating the Eq. (9) with respect to the coordinate x we find:
The curvatures w 1 00 (x) and w 2 00 (x) can be determined from the equilibrium equations
for the assembly components as follows:
In the Eqs. (11),
are the flexural rigidities of the assembly components treated as elongated rectangular plates, and p(x) is the peeling stress. The left parts of the Eqs. (11) are elastic bending moments. The first terms in the right parts are the bending moments caused by the forces T(x) and the second terms are the bending moments caused by the peeling stress p(x).
Introducing the expressions (12) for the curvatures into the Eq. (10) we obtain:
is the axial compliance of the assembly with consideration of the effect of bending, and
is the factor that considers the role of the dissimilar components' flexural rigidity and its effect on the peeling stress. In an approximate analysis the effect of the peeling stress on the interfacial shearing stress need not be accounted for, and the Eq. (14) can be replaced by the simplified equation:
in which the shearing stress only is considered.
The force T(x) should be symmetric with respect to the mid-cross-section of the assembly and could be sought as
Introducing this solution into the Eq. (17) and considering that, in accordance with the formula (3),
we conclude that the Eq. (17) is fulfilled, if the following relationships
take place. As to the constant C 2 of integration in the solution (18) , it can be found from the boundary condition
TðAElÞ ¼T ð21Þ
for the thermally induced force T(x) as follows:
Then the solution (18) results in the following expression for the induced force:
The first term in this expression is due to the thermal mismatch of the assembly components and the second term is caused by the thus far unknown external ''mechanical'' force applied from the peripheral portions of the assembly.
The interfacial shearing stress can be found from (23) by differentiation:
Peripheral portion of the assembly
Consider now the peripheral portion of the assembly (Fig. 2) . Unlike the mid-portion, the peripheral portion is subjected to the mechanical loading applied to only one side of the assembly. The Eq. (17) is still applicable, but the boundary conditions for the induced forces are different:
In order to satisfy these two boundary conditions, the induced force should be sought in the form
that contains two constants of integration and is not symmetric anymore with respect to the mid-cross-section of the peripheral portion. Introducing the sought solution (26) into the equation (17), we find that the formulas (20) are still valid, but the constants of integration are expressed as follows:
Introducing the second formula in (20) and the formulas (27) into the solution (26), we obtain the following expression for the induced force:
The first (''thermal'') term in the obtained expression for the induced force is not different of the first term in (23) , but the second term is quite different, because of the different ''mechanical'' loading. The interfacial shearing stress can be found by differentiation:
Thermal force at the boundary of the midportion and the peripheral portions
The forceT at the boundary between the mid-portion and the peripheral portions of the assembly can be determined from the condition of the compatibility of the longitudinal interfacial displacements of the mid-portion and the peripheral portions of the assembly at their boundary. The formulas (24) and (29) x Fig. 2 This structure represents the peripheral portion of a bonded bimaterial assembly subjected to thermal loading, because of the change in temperature and thermal expansion/contraction mismatch of the dissimilar materials of the components #1 and #2, as well as to the mechanical loading from the mid-portion of the assembly where the notation in the first formula has been changed to account, because for the possibly different parameter of the interfacial shearing stress (K instead of k) and because half the length L -2l of the mid-portion can be found as the difference between half the assembly length L and the length 2l of one of the peripheral portions. Since the interfacial displacements can be found as products of the interfacial compliances and the interfacial shearing stresses, the condition of the compatibility of the interfacial displacements of the mid-portion and the peripheral portion of the assembly at their boundary can be written as follows:
Considering that, in accordance with the first formula in
and solving the Eq. (31) for the forceT, we obtain:
where g ¼ k K is the ratio of the parameters of the interfacial shearing stress at the peripheral portion and at the midportion of the assembly. For long and/or stiff mid-portions, which is usually the case in actual structures, the obtained formula can be simplified:
For long enough peripheral portions this formula yields:
Interfacial stresses
Introducing (32) into the formulas (30) for the stresses acting at the boundary of the two assembly portions we obtain:
In the special case of a homogeneous bonding layer, when K = k and g = 1, the above two formulas yield
as it is supposed to be. From (29) , with consideration of the expression (32) for the force at the boundary, we find:
In the typical case of a stiff-and-long mid-portion the formulas (34), (35) and (37) can be simplified:
;
For long peripheral portions, these formulas yield:
In the case of a homogeneous bonding layer, when K = k and g = 1, the formula (37) yields:
This is a well known result.
Numerical example
The numerical example is carried out for a typical package (component #1)/PCB (component #2) assembly with either BGA or CGA solder joint interconnections. The solder material in the mid-portion has an appreciably higher Young's modulus that the one at the peripheral portions.
Input data 3.2 Calculated data
Axial compliances
Interfacial compliances of the components:
Interfacial compliances for solders in the mid-portion of the assembly:
in the case of BGA, and
in the case of for CGA.
Interfacial compliances for solders at the peripheral portions of the assembly:
in the case of for CGA. Then the total interfacial compliance at the mid-portion of the assembly is
in the case of CGA. The total interfacial compliance at the peripheral portions of the assembly is
in the case of CGA. The flexural rigidities of the assembly components are Total axial compliance is The total axial compliance with consideration of bending is by the factor of three larger than the compliance of a bow-free assembly, so that the additional compliance due to the finite flexural rigidities of the assembly components should always be considered, when the shearing stress is evaluated.
The parameter of the interfacial shearing stress in the mid-portion of the assembly is Thus, the application of CGA system resulted in about 60 % reduction in the thermal force at the boundary of the mid-portion and the peripheral portions of the assembly.
The interfacial shearing stress in the assembly midportion at its boundary with the peripheral portion is in the case of CGA. The interfacial shearing stress in the peripheral portions of the assembly at their boundaries with the mid-portion is The interfacial shearing stress is still the highest at the assembly ends and is When a homogeneous bonding layer with the characteristics of the mid-portion in the carried out example were used, the maximum interfacial shearing stress would be in the case of CGA. Thus, the application of the low-modulus solder at the assembly ends (at about 6.6 % of its length) resulted in about 13 % relief in the maximum shearing stress, in the case of BGA, and in about 24 % relief in the case of CGA. With the yield stress in shear of 1.85 kg/mm 2 for the solder in the mid-portion of the assembly and 1.35 kg/mm 2 for the solder material at the peripheral portions, we conclude that the application of the CGA system in combination with a low modulus solder at the assembly ends might enable one to avoid inelastic strains in the solder. A further relief in the induced stress seems to be achievable by the appropriate selection of the bonding solders and by optimizing the size of the peripheral portions of the assembly, where low modulus solders are employed.
Conclusions
The following conclusions can be drawn from the carried out analysis:
• A simple, easy-to-use and physically meaningful predictive model is developed for the assessment of thermal stresses in a BGA or in a CGA with a low modulus solder material at the peripheral portions of the assembly.
• Application of such a design can lead to a considerable relief in the interfacial stresses, even to an extent that inelastic strains in the solder joints could be avoided. If this happens, the fatigue strength of the bond and of the assembly as a whole will be improved dramatically.
• Further work will include finite element analyses and experimental investigations.
